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We prove that in Robertson-Walker space-times (and in generalized Robertson-Walker spacetimes
of dimension greater than 3 with divergence-free Weyl tensor) all higher-order gravitational correc-
tions of the Hilbert-Einstein Lagrangian density F (R,R, ...,kR) have the form of perfect fluids
in the field equations. This statement definitively allows to deal with dark energy fluids as curvature
effects.
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I. INTRODUCTION
The guiding principles for the Einstein equations are covariance and the Newtonian limit, and the gravitational
action has the simplest conceivable form: the invariant space-time integral of the curvature scalar R. Despite being
tested in a wide range of cases, the question arises whether the expression is an approximation of a more fundamental
one or it is the final theory of gravity working from ultraviolet (quantum gravity) up to infrared scales (astrophysics
and cosmology). There are various motivations for exploring extensions of gravity: its possible origin from string
theory, quantization of gravity, a mechanism for the early inflation, the quest for a geometric origin of the “dark
side” of the universe, or simply a mathematical question of principle (what happens if we modify the Hilbert-Einstein
action because there is no a priori reason to investigate the simplest one). They are surveyed in several review papers
[1–5].
Among the extensions, the F (R) and F (R,G) theories are the most studied. The first one replaces R in the
action with a function of it [6], in the other the Lagrangian is a function of R and of the Gauss-Bonnet scalar
G = RijklR
ijkl − 4RijRij +R2 [7]. Lovelock’s action contains scalars obtained from products of the Riemann tensor
[8]. In general, higher-order gravity can be characterized by an action with terms mR (see [9] for details).
In applications to large-scale cosmology, the constraint of spacetime homogeneity and isotropy imposes the Robertson-
Walker metric as the background characterizing, in principle, any modified or extended theory of gravity.
For F (R) models, it is possible to prove that each new (Hessian) term in the Einstein equations has the perfect fluid
form for any smooth function F provided that the space-time is a generalized Robertson-Walker (GRW) space-time
with divergence-free Weyl tensor [10]. In a GRW space-time of dimension n = 4, the condition ∇mCjklm = 0 is
equivalent to Cjklm = 0 and the space-time is Robertson-Walker (RW) (see Prop.4.1 in [11]).
The result can be extended to F (R,G) theories [12] in RW space-times: the new terms have the perfect fluid form,
i.e. they contribute to the energy-momentum tensor of matter Tij = (p+µ)uiuj + pgij as terms that modify the total
pressure and energy density or, in other words, can be dealt as a new effective fluid.
In this work we consider higher-order gravity with action [1, 9, 13]
A = 1
2κ
∫
dnx
√−g F (R,R, ...,kR) +A(m) (1)
where F is a smooth function of k+1 real variables, and A(m) is the standard action for matter fields. The condition
of minimum action yields the field equations [9], where the higher-order geometric terms can be collected in the
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2right-hand side:
Rij − 12Rgij = κT
(m)
ij + κT
(HG)
ij (2)
κT
(HG)
ij = (1−Θ0)Rij + 12 (F −R− 2Θ0)gij +∇i∇jΘ0 (3)
− 12
k∑
a=1
[gij∇l(Θa∇l(a−1R))− (∇iΘa)(∇ja−1R)− (∇jΘa)(∇ia−1R)]
Θa =
k∑
b=a

b−a ∂F
∂(bR)
, a = 0, ..., k. (4)
Remarkably, the higher-order gravity contribution has the property ∇iT (HG)ij = 0 [1, 9]. This means that the con-
tracted Bianchi identities guarantee conservation laws and then the main property of any perfect fluid.
In analogy to the findings for F (R) and F (R,G) gravity, it is possible to prove that also for higher-order gravity, the
geometric corrections to the Einstein field equations have the perfect fluid form according to the following theorem:
Theorem I.1. In a generalized Robertson-Walker space-time with ∇mCjklm = 0, the higher-order gravity tensor
T
(HG)
ij has the form of a perfect fluid with velocity field ui:
κT
(HG)
ij =uiuj
[
(1 −Θ0)R − nξ
n− 1 + Θ¨0 − ϕΘ˙0 +
∑
a=1..k
Θ˙a(u
l∇la−1R)
]
(5)
+ gij
[
(1− Θ0)R − ξ
n− 1 +
1
2 (F −R)−Θ0 − ϕΘ˙0 − 12
∑
a=1..k
∇l(Θa∇l(a−1R))
]
.
The Ricci tensor is given in eq.(11). By writing
THGij = κ(p
HG + µHG)uiuj + κp
HGgij , (6)
and with the simplifications offered by Lemma II.2, II.3 and Corollary II.4, we obtain the energy density and pressure
contributions of the higher-order geometry, in the co-moving frame u0 = 1, ui = 0:
κµHG =− 12 (F −R) + ξ(Θ0 − 1)− (n− 1)ϕΘ˙0 (7)
+ 12
∑k
a=1
[Θ˙au
l∇l(a−1R) + ΘaaR],
κpHG =12 (F −R) + (1 −Θ0)
R − ξ
n− 1 + Θ¨0 + (n− 2)ϕΘ˙0 (8)
+ 12
∑k
a=1
[Θ˙au
l∇l(a−1R)−ΘaaR].
The result is achieved by exploiting the special properties of scalars whose variation in GRW space-time is geodesic,
∇kS = −ukS˙. The scalar curvature R has such variation if we also require∇mCjklm = 0. Such properties are obtained
by a covariant characterization of GRW space-times, that includes RW as a special case. The first characterization
was obtained by Bang-Yen Chen in 2014 [16]. It was found equivalent to the existence of a velocity vector field that
is shear-free, vorticity-free and geodesic [18], that describes the cosmological fluid.
Section 2 is devoted to a brief presentation of GRW space-times, and to the properties of the so-called perfect
scalars, forming a closed algebra for the action of the operator  = gjk∇j∇k. In Section 3 we prove the theorem and,
in Section 4, we discuss some examples. Discussion and conclusions are given in Section 5.
II. GRW SPACE-TIMES AND PERFECT SCALARS
A generalized Robertson-Walker (GRW) space-time (see [20] for a survey) is characterized by the warped metric
ds2 = −(dt)2 + a(t)2g∗µνdxµdxν (9)
where g∗ is the positive-definite metric of a Riemannian sub-manifold, a(t) is the scale parameter. Here H = a˙/a is
the Hubble parameter. A RW space-time is the special case where the sub-manifold is isotropic and homogeneous or,
3equivalently, the Weyl tensor Cjklm vanishes.
It is covariantly characterized by the existence of a velocity field uiu
i = −1 that is shear-free, vorticity-free and
geodesic [18]:
∇iuj = ϕhij (10)
where hij = gij + uiuj is a projection and ∇iϕ = −uiϕ˙. A dot means a derivative uk∇k. In the comoving frame, the
metric takes the warped form (9), ϕ is the Hubble parameter, and a dot is a time derivative.
If we also require that the Weyl tensor of the GRW space-time is harmonic, ∇mCjklm = 0, then the Ricci tensor has
the perfect fluid form [11]:
Rjk =
R− nξ
n− 1 ujuk +
R− ξ
n− 1 gjk (11)
where R is the curvature scalar and ξ = (n− 1)(ϕ˙+ ϕ2) is the eigenvalue Rijuj = ξui.
We now introduce a useful novel concept:
Definition II.1. A scalar S is “perfect” if ∇iS = −uiS˙, where S˙ = uk∇kS.
Lemma II.2. If a scalar is perfect, then S˙ is perfect, i.e. ∇jS˙ = −ujS¨.
Proof. ∇iS˙ = ∇iuk∇kS = ϕhik∇kS + uk∇i∇kS. The first term is zero because S is perfect. In the second term, let
us exchange derivatives and obtain uk∇k(∇iS) = −uk∇k(uiS˙) = −uiuk∇kS˙. Then: ∇iS˙ = −uiS¨ i.e. S˙ is perfect
too.
If S is perfect then S˙, S¨, ... are perfect. The sum and the product of perfect scalars are perfect. Since ϕ is perfect
in a GRW (by definition), then ϕ2 and ϕ˙ are perfect, and their combination ξ is perfect.
Lemma II.3. If a scalar field S is perfect then the Hessian ∇i∇jS has the perfect-fluid form:
∇i∇jS = −ϕgijS˙ + uiuj(S¨ − ϕS˙) (12)
Proof. ∇i∇jS = ∇i(−ujS˙) = −ϕhijS˙ − uj∇iS˙ = −ϕhijS˙ + uiujS¨.
Corollary II.4. If a scalar field S is perfect, then S = −(n− 1)ϕS˙ − S¨ is perfect, being a combination of perfect
fields, and the scalar fields aS, a = 1, 2, ... are perfect.
Lemma II.5. In a GRW space-time with perfect fluid Ricci tensor, R is a perfect scalar and
R˙− 2ξ˙ = −2ϕ(R− nξ) (13)
Proof. The Bianchi identity ∇kRkj = 12∇jR is evaluated with the Ricci tensor (11):
1
2 (n− 1)∇jR =∇k[(R− nξ)hkj ] + (n− 1)∇jξ
=∇jR−∇jξ + uj(R˙ − nξ˙) + (R − nξ)(n− 1)ϕuj
=∇jR+ ujR˙ + uj[ϕ(R − nξ)− ξ˙](n− 1)
Contraction with uj gives (13) and simplification of the last equation gives ∇jR = −ujR˙.
We now have all the ingredients to prove the main theorem.
III. PROOF OF THE THEOREM
Consider a real smooth function of (k + 1) real variables F (y0, y1, . . . , yk) and the corresponding
F (R,R,2R, . . . ,kR), where each argument ya = 
aR is a perfect scalar.
- F , as a function of (R,R, ...,kR), is a perfect scalar:
∇jF =
n∑
a=0
∂F
∂ya
∇j(aR) = −uj
n∑
a=0
∂F
∂ya
ul∇l(aR) = −uj(ul∇lF )
4- F a ≡ (∂F/∂ya), as a function of (R,R, ...,kR), is a perfect scalar:
∇jF a =
∑
b=1..k
∂F a
∂yb
∇j(bR) = −ujul
∑
b=1..k
∂F a
∂yb
∇l(bR) = −uj(ul∇lF a)
As a consequence, also cF a is perfect for any power c, as well as the linear combinations Θa =
∑k
b=a
b−aF b,
a = 0, 1, ..., k.
By means of (12) and by the properties of perfect scalars, one obtains that in a GRW space-time with harmonic Weyl
tensor, the field equations (3) gain the form of the perfect fluid, eq.(5). Q.E.D.
Remark III.1. In [10] we proved that a conformal transformation g¯ = e2σg with ∇kσ = −ukσ˙ (i.e. σ is a perfect
scalar) maps a GRW space-time {M, g} to a GRW space-time {M, g¯} and that the condition ∇mCjklm = 0 transforms
into ∇¯C¯jklm = 0. Here M is the manifold and g is the metric. Then if the Ricci tensor in {M, g} is a perfect-fluid
tensor, so it is R¯ij.
In higher-order gravity, for harmonic GRW space-time, if Θ0 > 0, let σ =
1
n−2 logΘ0. The conformal map takes the
higher-order gravity (defined in the Jordan frame) to a theory (defined in the Einstein frame) with fields φm = 
mR,
m = 0, 1, ..., k that are minimally coupled to the ordinary Einstein gravity (see also [14]).
IV. HIGHER-ORDER GRAVITY IN RW SPACE-TIME
We give some example of the above results. Let us specialize to dimension n = 4, where the space-time is Robertson-
Walker. Being all terms in the Einstein equation (2) proportional to gij or uiuj, the equation splits into two coupled
ones, that may be written as follows:
R− 2ξ = 2κ(µm + µHG) (14)
R− 4ξ = 3κ(pm + pHG + µm + µHG) (15)
By inserting the expressions of µHG and pHG into the above cosmological equations, one obtains two non-linear
higher-order differential equations for R(t) and ϕ(t) = a˙/a, to be considered with the equations of state for the matter
terms in µm and pm.
Remark IV.1. Eq.(13) is equivalent to one of the two Einstein equations.
First, recall that each term Tij in the right-hand side of the Einstein equation (2) has zero divergence, and has the
perfect fluid structure Tij = (p+ µ)uiuj + pgij. The equation ∇iTij = 0 is (p˙+ µ˙)uj + ϕ(n − 1)(p+ µ)uj +∇jp = 0
i.e.
∇jp = −uj p˙, µ˙ = −3ϕ(p+ µ).
The dot of eq.(14), use of the above property and (15) give: R˙−2ξ˙ = 2κ(µ˙m+ µ˙HG) = −6κϕ(pm+pHG+µm+µHG) =
−2ϕ(R− 4ξ).
The solution in n = 4 of eq.(13) is
R(t) = 2ξ + (R∗/a2) + 6ϕ2 = 12ϕ2 + 6ϕ˙+ (R∗/a2) (16)
where R∗ is the constant curvature of the space.
Example IV.2 (Sixth-order gravity).
As an illustration, we consider the case F (R,R) = R + γRR. It is Θ0 = 1 + 2γR, Θ1 = γR. The Einstein
equations (3) involve sixth order derivatives of the metric tensor:
Rij − 12Rgij = κT
(m)
ij + 2γ[∇i∇jR−RijR+ 12 (∇iR)(∇jR)] (17)
−2γgij[2R + 14 (∇kR)(∇kR)]
They coincide with eq. 2.2 in the paper by Gottlo¨ber et al. [14]. The most general sixth-order terms should also
include cubic products of the Ricci scalar, the Ricci and Riemann tensors, as well as terms like RijR
ij [17].
5By restricting the solution of (17) to be a RW metric of dimension n = 4, the theorem provides the perfect fluid
parameters of sixth order gravity:
κµV I =2ξγR− 6γϕ˙R+ 12γ(R˙)2
=− 18ϕ3γR˙− 6ϕ˙γR¨+ 12γϕ2R¨+ 6γϕ...R + 12γ(R˙)2
κpV I =− 23γ(R− ξ)R+ 2γ¨R+ 4γϕ˙R+ 12γ(R˙)2
=− 6γ(ϕ3 + 3ϕϕ˙+ ϕ¨)R˙+ 2γϕRR˙+ 12γ(R˙)2
+ 23γRR¨− 14γ(ϕ˙+ ϕ2)R¨ − 10γϕ
...
R − 2γ....R
The Einstein eq. (14) in vacuo is then:
R− 2ξ = −36ϕ3γR˙− 12γ(ϕ˙− 2ϕ2)R¨ + 12γϕ...R + γ(R˙)2 . (18)
Considering eq.(16), it becomes a non-linear equation for the Hubble parameter ϕ.
V. DISCUSSION AND CONCLUSIONS
As discussed in [21], dark energy and dark matter can be seen as curvature effects induced in the large scale,
infrared limit of gravitational interaction. However, this statement is phenomenological and has to be compared
with observations. In particular, cosmography can be an efficient tool to discriminate among concurring models as
discussed, for example, in [22–25].
Here we have rigorously demonstrated that, in the specific case of higher-order gravity, further terms entering the
Hilbert-Einstein action can be dealt with the standard of perfect fluid, in the cosmological context of GRW metrics.
The key ingredient to achieve this result is the fact that curvature terms involving  operators can be reduced
to perfect scalars. Besides the mathematical result, the approach is interesting because it allows to point out the
fundamental origin of scalar fields entering at early times (through inflation) and at late times (through dark energy)
into the cosmological evolution. In both cases, as firstly pointed out by Starobinsky [26, 27], they could have a
geometric origin related to the formulation of quantum field theory in curved spacetimes [28].
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